In this study, we investigate the form of solutions, stability character and asymptotic behavior of the following rational difference equation
Introduction
Difference equations and systems of difference equations are great importance in the field of mathematics as well as in other sciences. The applications of the theory of difference equations appear as discrete mathematical models of many phenomena such as in biology, economics, ecology, control theory, physics, engineering, population dynamics and so forth. Recently, there has been a growing interest in the study of finding closed-form solutions of difference equations and systems of difference equations. Some of the forms of solutions of these equations are representable via well-known integer sequences such as Fibonacci numbers, Pell numbers, Lucas numbers and Padovan numbers. There are many papers on such these studies from several authors [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . For example, in [4] , Bacani and Rabago studied the behavior of solutions of the following nonlinear difference equations (1) x n+1 = q p + x v n and y n+1 = q −p + y v n , where p, q ∈ R + and v ∈ N such that their solutions are associated with Horadam numbers.
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Then, El-Dessoky in [8] dealt with the following difference equation (2) x n+1 = ax n + αx n x n−l βx n + γx n−k , n = 0, 1, ...,
where the parameters α, β, γ and a and the initial conditions x −t , x −t+1 , ,x −1 and x 0 where t = max {l, k} are positive real numbers. He introduced the explicit formula of solutions of some special cases of Eq. (2) via Fibonacci numbers. Next, in [10] , Stevic et al. the following nonlinear second-order difference equation (3)
in which parameters a, b, c and the initial values x −1 and x 0 are complex numbers such that c = 0. Next, they used the following change of variables
and obtained the following third-order linear difference equation with constant coefficients y n+1 = ay n + by n−1 + cy n−2 . After, they introduced the representation formula of every solution of Eq.(3) with generalized Padovan number.
Alotaibi et al. in [11] considered the following systems of difference equations
where the initial conditions x −2 , x −1 , x 0 , y −2 , y −1 , y 0 are arbitrary positive real numbers. they analyzed the solutions of the systems (4) such that their solutions are associated with Fibonacci numbers.
In this paper, we study the following difference equation
where the inital values x −1 and x 0 are arbitrary nonzero real and the parameters α, β and γ are nonnegative real numbers with γ = 0.
Preliminaries
2.1. Linearized stability. Let I be some interval of real numbers and let f : I k+1 → I be a continuously differentiable function. A difference equation of order (k + 1) is an equation of the form
A solution of Eq.(6) is a sequence {x n } ∞ n=−k that satisfies Eq.(6) for all n ≥ −k. Definition 1. A solution of Eq.(6) that is constant for all n ≥ −k is called an equilibrium solution of Eq. (6) . If
is an equilibrium solution of Eq.(6), then x is called an equilibrium point, or simply an equilibrium of Eq.(6).. Suppose that the function f is continuously differentiable in some open neighborhood of an equilibrium point x. Let
denote the partial derivative of f (u 0 , u 1 , ..., u k ) with respect to u i evaluated at the equilibrium point x of Eq.(6).
Definition 3. The equation
is called the linearized equation of Eq.(6) about the equilibrium point x, and the equation
is called the characteristic equation of Eq. (7) (8) has absolute value greater than one, then the equilibrium point x of Eq. (6) is unstable.
Moreover, the equilibrium point x of Eq. (6) is called hyperbolic if no root of characteristic equation (8) has absolute value equal to one. If there exists a root of characteristic equation (8) with absolute value equal to one, then the equilibrium x is called nonhyperbolic.
An equilibrium point x of Eq. (6) is called a repeller if all roots of characteristic equation (8) have absolute value greater than one.
An equilibrium point x of Eq. (6) is called a saddle if one of the roots of characteristic equation (8) is greater and another is less than one in absolute value.
Theorem 5 (Clark Theorem). Assume that q 0 , q 1 , ..., q k are real numbers such that
2.2. Generalized Tribonacci numbers. First, from [17] , consider the generalized Tribonacci sequence {V n } ∞ n=0 defined by the recurrent relation (9)
where the constant coefficients r, s, t are real numbers and the special initial conditions
The sequence {V n } ∞ n=0 can be extended to negative subscripts by defining
for n = 1, 2, 3, ... when t = 0. Hereby, recurrence (9) holds for all integer n.
is a third order recurrence sequence (difference equation), it's characteristic equation is (10)
whose roots are
Notice that we get the following identities
From now on, we assume that ∆(r, s, t) > 0, so that the Eq.(9) has one real (ϕ) and two non-real solutions with the latter being conjugate complex. Therefore, in this case, it is widely known that generalized Tribonacci numbers can be stated, for all integers n, using Binet's formula
We can present Binet's formula of the generalized Tribonacci numbers for the negative subscripts: for n = 1, 2, 3, ... we have
Lemma 6. Let ϕ, χ and ψ be the roots of Eq. (10), suppose that ϕ is a real root with max {|ϕ| ; |χ| ; |ψ|} = |ϕ|. Then,
Proof. Note that there are three cases of the roots, that is when the roots are all real and distinct, all roots are equal or two roots are equal, complex conjugate. We will only proof the first case. The proof of the other two cases of the roots is similar to first one, so it will be omitted.
If ϕ, χ and ψ are real and distinct then, from Binet's formula
Main Results
In this section, we present our main results related to the difference equation (5) . Our aim is to investigate the general solution in explicit form of Eq.(5) and the asymptotic behavior of solutions of Eq.(5).
Theorem 7. Let {x n } ∞ n=−1 be a solution of Eq.(5). Then, for n = 0, 1, 2, ..., the form of solutions {x n } ∞ n=−1 is given by
where V n is the nth generalized-Tribonacci number and the initial conditions x −1 , x 0 ∈ R − F , with F is the forbidden set of Eq. (5) given by
Proof. First, by using the change of variables (14) x n = w n−1 w n , Eq. (5) is reduced to linear third order difference equation
so we have w n+1 = rw n + sw n−1 + tw n−2 .
Now, as done in [10] , we describe initial values of three sequences which will be repetitively defined and used in the rest of the proof. Let
We use an recurrent (iterative) method. Thus, we get w n = a 1 w n−1 + b 1 w n−2 + c 1 w n−3 = a 1 (rw n−2 + sw n−3 + tw n−4 ) + b 1 w n−2 + c 1 w n−3 = (ra 1 + b 1 ) w n−2 + (sa 1 + c 1 ) w n−3 + ta 1 w n−4 = a 2 w n−2 + b 2 w n−3 + c 2 w n−4 , (15) where (16) a 2 := ra 1 + b 1 , b 2 := sa 1 + c 1 , c 2 := ta 1 .
By continuing iteration, it implies that
w n = a 2 w n−2 + b 2 w n−3 + c 2 w n−4 = a 2 (rw n−3 + sw n−4 + tw n−5 ) + b 2 w n−3 + c 2 w n−4 = (ra 2 + b 2 ) w n−3 + (sa 2 + c 2 ) w n−4 + ta 2 w n−5 = a 3 w n−3 + b 3 w n−4 + c 3 w n−5 , (17) where (18) a 3 := ra 2 + b 2 , b 3 := sa 2 + c 2 , c 3 := ta 2 .
Based on relations (15)-(18), we suppose that for some k ∈ N such that 2 ≤ k ≤ n − 1, we have
and (20)
Next, by continuing iteration, it follows that
where
Now, we maintain sequences a k , b k and c k for some nonpositive values of index k. Notice that since γ = 0, the recurrent relations in (20) can be really used for computing values of sequences a k , b k and c k for every k ≤ 0.
Using the recurrent relations with the indices k = 1, k = 0 and k = −1, respectively, after some computations, it implies that
Thus, we obtain
From (20), we get (22) a n = ra n−1 + sa n−2 + ta n−3 ,
If we get k = n in (19), we have w n = a n w 0 + b n w −1 + c n w −2 , for n ∈ N 0 . From (22)- (24), we obtain (25) w n = a n w 0 + (a n+1 − ra n ) w −1 + ta n−1 w −2 , for n ∈ N 0
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Using (25) in (14), we get x n = a n−1 w 0 + (a n − ra n−1 ) w −1 + ta n−2 w −2 a n w 0 + (a n+1 − ra n ) w −1 + ta n−1 w −2 , it follows that x n = ta n−2 x −1 x 0 + (a n − ra n−1 ) x 0 + a n−1 ta n−1 x −1 x 0 + (a n+1 − ra n ) x 0 + a n or equivalently x n = ta n−2 x −1 x 0 + (a n − ra n−1 ) x 0 + a n−1 ta n−1 x −1 x 0 + (sa n−1 + ta n−2 ) x 0 + a n .
From initial values (21) and definitions of sequences a n and V n , we have a n = V n+1 , with the backward shifted initial values of the sequence a n . Then, it follows
The proof is complete. Now, we will analyze five special cases of the above theorem according to the states of r, s, t.
Case 1: r = s = t = 1 In this case, the (a n ) sequence has the following recurrence relation a n = a n−1 + a n−2 + a n−3 , such that a few terms of this sequence are
Then, from initial values (26) and definitions of sequences a n and T n which is Tribonacci numbers, we have a n = T n+1 , with the backward shifted initial values of the sequence a n . Hence, we obtain
Case 2: r = 0, s = t = 1 In this case, the (a n ) sequence has the following recurrence relation a n = a n−2 + a n−3 , such that a few terms of this sequence are
Then, from initial values (27) and definitions of sequences a n and P n which is Padovan numbers, we get a n+2 = P n , with the forward shifted initial values of the sequence a n .
Therefore, we have
Case 3: r = 0, s = t = 1 In this case, the (a n ) sequence has the following recurrence relation a n = a n−2 + a n−3 ,
such that a few terms of this sequence are
Then, from initial values (28) and definitions of sequences a n and S n which is Padovan-Perrin numbers, we have a n = S n+2 , with the backward shifted initial values of the sequence a n .
Case 4: r = 1, s = 0, t = 1 In this case, the (a n ) sequence has the following recurrence relation a n = a n−1 + a n−3 ,
Then, from initial values (29) and definitions of sequences a n and N n which is Narayana numbers, we have a n = N n+1 , with the backward shifted initial values of the sequence a n . Fromhere, we have
Case 5: r = s = 1, t = 2 In this case, the (a n ) sequence has the following recurrence relation a n = a n−1 + a n−2 + 2a n−3 , such that a few terms of this sequence are
Next, from initial values (30) and definitions of sequences a n and J n which is third order Jacobsthal numbers, we have a n = J n+1 , with the backward shifted initial values of the sequence a n .
Herefrom, we get
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Proof. Equilibrium point of Eq. (5) is the real roots of the equation
After simplification, we get the following cubic equation
Then, the roots of the cubic equation (31) are given by
is a primitive cube root of unity. So, the root µ is only real number. So, the unique equilibrium point of Eq.(5) is x = µ. Now, we demonstrate that the equilibrium point of Eq. (5) is locally asymptotically stable.
Let I be an interval of real numbers and consider the function
The linearized equation of Eq.(5) about the equilibrium point x = µ is Then, it follows that |b (λ)| < |a (λ)| , for all λ : |λ| = 1.
Therefore, by Rouche's Theorem, all zeros of P (λ) = a (λ) − b (λ) = 0 lie in |λ| < 1. Hereby, by Theorem (5), we have that the unique equilibrium point of Eq.(5) x = µ is locally asymptotically stable.
Theorem 9. Assume that µϕ = 1. Then, the equilibrium point of Eq.(5) is globally asymptotically stable.
Proof. Let {x n } n≥−1 be a solution of Eq.(5). By Theorem (8), we need only to prove that the equilibrium point µ is global attractor, that is lim n→∞ x n = µ.
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From Theorem (7), (10) and (12) This completes the proof.
Note that when α = β = γ = 1, our assumption in Theorem 9 is immediately seen. Indeed, µϕ =
